H ¢H, oH
3. Calculate —a—, ot y -6—2- and make a correction in the
our 0vi Ow;

control given by*®
oH

a‘uk = € m=—— (Ila)
ouk
oH
B0y = € (I1b)
oy
H.
Sy = e D2 (IIc)
ow;

Notice that from Equation (Ig), this guarantees 8 increas-
ing with each iteration if ¢ is picked small enough.

4. Integrate the state equations and get a new value of I.
5. If I > T (a success), then double ¢, and go back to (3).

1f I < T (a failure), then divide e by 4 and go back to (3).
If after at least one success, we get a failure, then fit a quad-
ratic in e to I to find the optimal ¢ in the direction given

by (1Ia) to (IIc). Then go back to (2).

6. Terminate the procedure when it is felt the optimum has
been reached. This method has been found to be more efficient
than simple steepest ascent, and it has the property that con-
straints of the type in Equation (10) are no problem. When a
constraint is reached, it is followed and the basic properties of
the algorithm are unchanged.

Conjugate Gradient Method. This method, based on the ideas
of Fletcher and Reeves (24) for discrete systems, has been
developed for lumped parameter optimization by Lasdon et al.
(25). As in the case of discrete systems, a requirement for the
method to work is that the controls be unconstrained. Our use
was therefore limited to the steps in the iteration where the con-
trols remained unconstrained. In these cases the method was
noticeably more efficient than the modified gradient method.
Our application of it was for the adiabatic reactor examples
where v; and w; were fixed in advance, in which case the
method is identical to that described by Lasdon et al. (25).

¢ These corrections will be modified if ux is a function of only one
independent variable or if vi and w; are constants as discussed in
Appendix I,

Heat and Mass Transfer in the Wall Region

of Turbulent Pipe Flow

G. A. HUGHMARK

Ethyl Corporation, Baton Rouge, Louisiana

Models for the laminar sublayer of turbulent pipe flow are reviewed. The observations of the
sublayer by Popovich and Hummel and the experimental fluctuation frequencies obtained by
Shaw and Hanratty are used with the models to evaluate experimental heat and mass transfer
data. The eddy diffusivity model and a parallel conductance model appear to be consistent with

the experimental data.

Heat and mass transfer in the wall region for turbulent
flow has been a subject of continuing interest. Several
models have been proposed to represent the rate of trans-
port from the wall to a turbulent fluid. These must obvi-
ously represent the behavior of the fluid in the immediate
vicinity of the wall. The fluid velocity increases from a
very small value near the wall to a large value for the
region of free turbulence in the core. A thin nonturbulent
layer has been postulated next to the wall which has been
designated as the laminar sublayer. The mechanism of
momentum, heat, and mass transport would thus be molec-
ular rather than by eddy motion. Fage and Townend (1)
examined the motion of small dust particles in water under
the ultramicroscope very near the wall and found no evi-
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dence of the existence of a region possessing rectilinear
motion. Lin et al. (2) obtained data for concentration
profiles with mass transfer at Schmidt numbers of about
900 and concluded that there is no laminar film corres-
ponding to molecular diffusion. Subsequent mass transfer
data have been obtained at Schmidt numbers up to
100,000, and these data show that the observed rate is
much greater than could occur with a fully developed
laminar film and molecular diffusion at the pipe wall.
Popovich and Hummel (3) have used a flash photolysis
method to study the wall region for turbulent flow in a
square smooth pipe at a Reynolds number of 13,100. This
work shows that there is a layer y* = 1.6 + 0.4 in which
there is always a linear velocity gradient but the slope of
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the gradient changes with time. A broadened trace was
observed at the wall in approximately 459 of the obser-
vations. The statistical distribution curve of the thickness
of the laminar sublayer showed that the most probable

thickness is y* = 4.3 and the average thickness is y*
= 6.17. Turbulence was observed at all times beyond
yt = 34.6.

The objective of this paper is to analyze the models for
transport in the wall region with respect to the observa-
tions of Popovich and Hummel and available experimental
data for heat and mass transfer.

LAMINAR SUBLAYER MODELS

Several different models have been used to represent
this laminar sublayer after it became apparent that this
region could not be represented as fully developed laminar
flow. The eddy diffusivity concept has been one of the
most generally used methods (2, 4). This utilizes an equa-
tion of the form

-%=a(y+)" (1)

to represent experimental mass transfer data obtained for
fully developed turbulent flow at large Schmidt numbers.
The eddy viscosity concept has also been applied by dif-
ferentiation of experimental velocity profile data. Sher-
wood, Smith, and Fowles (5) have used this method with
the assumption that the turbulent Prandtl and Schmidt
numbers are not unity in the wall region in order to fit
experimental transfer data. The penetration theory and
combinations of the film and penetration theory have also
been used. In its simplest form, eddies are assumed to be
in direct contact with the wall, and the equation

D
k=2\ — 2
- (2)

is applicable. Harriott (6) proposed a combination of the
film and penetration theories to represent a fully developed
laminar region between the wall and the eddies.

1 8 1
—= =+ — (3)
k D D
2 —
wf
Marchello and Toor (7) also used a combination of the
two theories but assumed that localized mixing rather than
gross fluid displacement occurs at the low turbulence levels
near a wall and that transport is by molecular diffusion
between mixing. This is represented by

€ _ /B 1+ cosh2vB/D @)
D D sinh 2/B/D
B is a turbulence parameter given by
B =SB (5)

Hughmark (8) proposed a parallel conductance model
for the boundary layer

D
k=k1,+2\/-- (6)
wf

to represent the contribution of laminar and eddy mass
transfer. Analysis of experimental heat and mass transfer
data with the eddy frequency data of Shaw and Hanratty
(9) indicated an effective laminar layer thickness of y* =
0.45.

The observations of Popovich and Hummel are useful in
evaluating the models. This work indicates that
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1. A region of essentially linear velocity gradient exists
at the wall.

2. The laminar sublayer shows, characteristic laminar
traces but with periodic changes of slope of the velocity
profile.

3. The traces in the laminar sublayer show periodic
broadening all the way to the wall. These conclusions indi-
cate that laminar flow does exist in this sublayer but that
fluid elements do enter the layer which results in the ob-
served broadening of the traces. Also the changes in slope
of the velocity profile indicate that the flow is not of a
fully developed laminar nature. The various models can
then be analyzed with respect to these observations.

Equations (2) and (3) can be eliminated from considera-
tion as models of the laminar sublayer. Equation (2) is not
applicable because a region of essentially linear velocity
gradient appears to exist at the wall. Equation (2) requires
a response of k ~ D3, Experimental data for mass transfer
at high Schmidt numbers show k ~ D%62, which is another
indication that Equation (2) is not applicable. Equation
(3) represents a fully developed laminar layer at the wall.
This model is not consistent with the observations of Popo-
vich and Hummel. Equations (1), (4), and (6) remain
to be evaluated with respect to the experimental data for
heat and mass transfer.

EDDY DIFFUSIVITY MODEL

The Popovich and Hummel work indicates the alternate
presence of laminar and eddy conditions in the laminar
sublayer. The eddy diffusivity model represented by Equa-
tion (1) can be used if this diffusivity represents a time
average of the laminar and eddy conditions. Son and Han-
ratty (4) have developed this model, and the data of Har-
riott and Hamilton (10) have been used (11) to determine
the equation

kg = 0.0816 u® (Ns,) —2/3 (7)

This equation represents experimental data for a 0.94-in.
diam. pipe with a Schmidt number range of 6,000 to
100,000. Data obtained by Kishinevsky, Denisova, and
Parmenov (12) for a 0.51-in. diam. pipe result in the equa-
tion

kg = 0.078 u® (Ng.) ~7/12 (8)

for the Schmidt number range of 6,000 to 31,000. These
results indicate different eddy diffusivity relationships for
the two pipe sizes

< = 0.00096 y+3 (9)
14
for the 0.94-in. pipe and
< = 0.0045 y+24 (10)
1 4

for the 0.51-in. pipe. Equations (9) and (10) are obvi-
ously greatly different and raise a question as to a diameter
effect on the eddy diffusivity model.

Experimental heat transfer data are available for a range
of pipe diameters with Prandtl numbers to 370. These data
can be useful in evaluating the eddy diffusivity model if
the heat transfer in the laminar sublayer can be isolated.
This requires a model for heat and mass transfer in the
transition region based upon the velocity profile and the
total diffusivities for this region.

WALL REGION VELOCITY PROFILE

Hanratty (I13) proposed an analysis for the wall region
based upon the turbulent exchange of mass and momentum
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with the wall. To obtain the velocity profile, he assumed
that

1. The wall exchange process on the average can be
represented by the motion of masses of fluid possessing a
fixed velocity uy, and a fixed wall-contact time 6.

2. The transport of momentum within any one of these
masses can be represented by the equation

ou *u
Z £ ( (11)
a0 p N 9y
Hanratty used the boundary conditions
y=20 u=20
Y= U= U
=20 u=uL

and solved Equation (11) to obtain the velocity corre-
sponding to the time §

y

u = yg erf (12)

2\/£0
p

and used the penetration theory model for the instantane-
ous rate of momentum transfer to the wall:

»
T08e = pUL \/—
pml

Equations (12) and (13) were integrated to represent the
averaging effect of all masses in contact with the wall and
these equations were then combined to obtain the equation

1 +
] erf(-L\[-"—) d(o—) (14)
o Nau TR Ve,

Hanratty assumed that u;* corresponds to the break point
between the turbulent core and the buffer layer. Thus he
used values of y* = 30 and ur* = 13.5. The velocity
profile obtained from Equation (14) and u;, = 13.5 pro-
vided a satisfactory representation of experimental velocity
profile data. As pointed out by Hanratty, this expression
would be expected to hold only for y* much less than 30
because of the boundary conditions. This objection can
be eliminated by selection-of the boundary conditions:

(13)

y=20 u=20
y=y u=u
=0 u=u

Solution of Equation (11) with these boundary conditions
yields

K=o
u = 2 erf
K=0

(2K+ 1) (y) + (yr — y)
n/ £

; 8

(2K+ 1) (yo) — (yo — v)

2\/ Lo

P

— €er

(15)

Equations (13) and (15) can be integrated and combined
in a manner similar to that used by Hanratty to obtain the

equation
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1

b o g
ut =gy f
L Jy

of (2K 1) (yo*) + (yut — y*)Vr
4u,*\/0/0.

[(2K+ 1) (yo*) — (gt —y*) \/77”
— erf

4UL+\/9/—0¢.:
(L) o)

c

Bogue and Metzner (13) developed the equations

ut =557 logey* + 5.57 — ¢(¢,f) (17)
S — (£ —0.8)2
c(& ) = 0.05\/2/f expT (18)

to represent the turbulent core region for Newtonjan and
non-Newtonian fluids. Popovich and Hummel observed
turbulence at all times for values of y* greater than 34.6.
Thus Equations (17) and (18) at y* = 34.6 should give
an estimate of u;* at the boundary layer of the turbulent
core. A value of 14.1 is calculated for the Reynolds num-
ber range of 10,000 to 25,000 for a smooth pipe. Figure 1
shows Equations (14) and (18) for u,* = 14.1 with
experimental data from four references (3, 5, 15, 16). It is
observed that this model appears to give an excellent
representation of the velocity profile data from y* = 2 to
yt = 34.6.

DIFFUSIVITY DATA FOR THE TRANSITION REGION

Temperature profile data have been experimentally
determined for the region y* = 5 to y* = 35 with trans-
fer at constant heat flux. Johnk and Hanratty (17) ob-
tained data for air in a 8.084-in. diam. pipe for the
Reynolds number range of 17,700 to 71,200. Gowen and
Smith (18) used a 2.058-in. pipe for air, water, and 30%
ethylene glycol in water. These data can be used with the
Boussinesq equation
dit/dy*  Np,

to calculate ex/». The radial correction for Equation (19)
can be estimated from Figure 1 of the paper by Smith,
Gowen, and Wasmund (19). This represents only a small
correction with the wall region. Figure 2 shows these cal-
culated data as a function of y*. A line is also shown to
represent e,/v as obtained from the velocity profile with
the equation

(19)

eg/v=

v, EQUATION 16
y”:‘//
“a— EQUATION 14

7
LAV
4
12— v 4
w Joa

© POPOVICH AND HUMMEL
4 HETTLER

O SHERWOOD, SMITH AND FOWLES
S v DEISSLER

2 YO L | 1 i

Fig. 1. Velocity profile.
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Fig. 2. Eddy diffusivity for the transition region.

(20)

Reasonable agreement is observed between ey and en.
Data for eddy diffusivity of air flowing between two
parallel plates are reported by Venezian and Sage (20).
Smoothed data points from this work are also shown by
Figure 2. Good agreement is observed between these
data and the data calculated from the temperature profiles.

EDDY DIFFUSIVITY MODEL-—HEAT TRANSFER DATA

Equation (20) was used to represent eddy diffusivity
for heat for y* = 2 to y* = 35 and to calculate a trans-
fer coefficient for this region. The transfer coeflicient for
the laminar sublayer could then be estimated from the
experimental coefficient and the calculated coefficient for
the transition region. Heat transfer data are available from
Friend and Metzner {21) for a range of high Prandtl
number fluids in a 0.71-in. diam. pipe, from Bernardo and
Eian (22) for glycol in a 0.45-in. diam. pipe, Eagle and
Ferguson (23) for water in a 1.45-in. diam. pipe, and
Dipprey and Sibersky (24) for water in a 0.375-in. pipe.
Estimated heat transfer resistance of the transition region
was about 209 of the total resistance for the high Prandtl
number data and about 509, for the other data. Laminar
boundary-layer heat transfer coefficients calculated from
these data are shown as the equivalent dimensionless mass
transfer coefficients in Figure 3. These data can represent

an extrapolation of either Equation (7) 'or (8). There-

fore a single equation eddy diffusivity model is not obvious.

MARCHELLO AND TOOR MODEL

Equation (4) can be used to analyze the data for lami-
nar sublayer coefficients with the assumptions that

1. The term ! in Equation (5) represents one-half the
- boundary-layer thickness.

2. The mean frequency of mixing S can be represented
by the frequency data obtained by Shaw and Hanratty
for the laminar sublayer. These frequency data represent
the local fuctuations in the mass transfer coefficient in a
l-in. pipe for the Reynolds number range of 10,000 to
60,000. The frequency distribution data were analyzed to
determine the effective average frequency for mass trans-
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Fig. 3. Model comparison with experimental data.

fer at each Reynolds number. These results are empirically
expressed by the equation

1 1
— = — = 145/ (u*/»)08
S n

(21)
Analysis of the Harriott and Hamilton data showed [ to be
a function of the Schmidt number rather than a hydro-
dynamic function.

PARALLEL CONDUCTANCE MODELS

Equation (6) represents this type of model. The Popo-
vich and Hummel observations indicate that the model
should be revised to represent the fraction of the total
time that corresponds to each of the transport mechanisms.

/ D
kg =aki+ (1—a)2 —_—
76

c

(22)

Thus « is the fraction of the total time that the laminar
condition exists. The laminar coefficient is obtained from
the equation for well-developed flow

uﬁ

ki = —————
t ysL™ Nsc

and the time that a fluid element is in contact with the
wall is

(23)

0= (1 —a)8 (24)

The time 6 can be obtained from the empirical represen-
tation of the Shaw and Hanratty frequency data, Equation
(21).

The observations' reported’ by Popovich and Hummel
represent a Reynolds number of 13,100 in a l-in. sq. pipe.
Mass transfer fluctuations reported by Shaw and Hanratty
represent a l-in. pipe. The kinematic viscosity was about
0.064 sq.ft./hr. for both experimental systems. Thus it is
of interest to consider mass transfer data with respect to
these observations. Assumed numerical values are

1. The laminar sublayer thickness is y* = 2.0 from the
Popovich and Hummel work.

2. Laminar flow exists 55% of the total time as indicated
by the Popovich and Hummel data.

3. Empirical Equation (21) represents the time 6 for
the range of u*2/» from 3.4 X 108 to 7.9 X 107 hr.~ 1,
These assumptions, with Equations (22), (23), and (24),
then provide a test of this model.

Son and Hanratty report corrected average mass trans-
fer coefficients for the Shaw and Hanratty work. A value
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of k* = 8.56 X 10~* is reported for a Reynolds number
of 11,000. The calculated value with the above assump-
tions and Equations (22), (23), and (24) is k* = 3.71
% 10~% Shaw and Hanratty report large fluctuations in
local values of the coefficient. Frequency data at a Reyn-
olds number of 10,400 shows that the maximum frequency
can be about 2 sec.1. The penetration theory mass transfer
coefficient corresponding to this frequency is three times
the coefficient for the laminar condition. Thus this model
indicates a threefold range in the local coefficient at this
specific flow condition. It is also interesting to observe that
the assumption of a laminar sublayer thickness of y* = 2.0
results in an average velocity for the sublayer that is equal
to the friction velocity. Shaw and Hanratty estimated dis-
turbance velocities at two Reynolds numbers from their
data. These are reported as

Reynolds Disturbance Friction
Number velocity, cm./sec. velocity, em./sec.
15,900 4.5 4.6
21,000 6.3 5.6

The assumption used in the model is obviously consistent
with these estimates.

Harriott and Hamilton report an average mass transfer
coefficient of k* = 3.22 X 10~* for a Reynolds number
of 10,000 and » = 0.065 sq.ft./hr. The calculated value
with the assumptions and this model is k* = 3.29 X
10~ The Harriott and Hamilton data represent a range
of Schmidt numbers at a Reynolds number of 10,000. The
assumptions and the model can be tested with these data.
Figure 3 shows a comparison of the experimental and cal-
culated average mass transfer coefficients. The good agree-
ment obtained indicates that these assumptions are valid
for a range of Schmidt numbers with a 1-in. pipe at
approximately the Reynolds number of the Popovich and
Hummel observations and conditions corresponding to the
frequency data of Shaw and Hanratty.

Son and Hanratty report average mass transfer coeffi-
cients for the Reynolds number range of 7,750 and 50,200
from the Shaw and Hanratty work which indicate that the
dimensionless coefficient is essentially constant for this
range. The laminar sublayer thickness and time fraction
for laminar flow in the sublayer observed at Ng. = 13,100
would not necessarily be expected to represent the condi-
tion at other Reynolds numbers. Values of y* = 2.0 for
the sublayer thickness and & = 0.55 with Ng, = 50,200
yield k* = 3.2 X 10~ for the Shaw and Hanratty condi-
tions. This indicates that either the sublayer thickness must
decrease or « must decrease or both with increasing
Reynolds number if the model is valid. Harriott and
Hamilton report data for Reynolds numbers up to 100,000.
These data also indicate the same Reynolds number re-
sponse as the Shaw and Hanratty data.

The Shaw and Hanratty work provide frequency data
for a I-in. pipe. The heat transfer data used in the eddy
diffusivity model! analysis can also be used with this model
to indicate whether the frequencies in the sublayer are a
function of pipe diameter. The heat transfer data at Reyn-
olds numbers of 10,000 to 14,000 and within the u*2/»
range of the Shaw and Hanratty data were used for this
analysis. Assumption of y+ = 2.0 for the sublayer thick-
ness and « = 0.55 with Equation (21) for the frequency
with the conductance model yields the comparison shown
by Figure 3. The Kishinevsky et al. mass transfer data for
a 0.51-in. pipe are also shown. It is observed that the
parallel resistance model gives at least as good agreement
as the eddy diffusivity model for the heat transfer data.
The Kishinevsky et al. mass transfer data are also higher
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than predicted by this model. Therefore it is of interest
to compare the oscillation frequency in the sublayer with

the frequency at the boundary of the turbulent core and
the transition region.

FREQUENCY COMPARISON

The time 6, can be obtained from Equation (13) with
the probability that a fluid mass has been in contact with
the wall for a time 8 and ¢ + d@ defined as

ds
$(9) do = N

c

(25)

and then averaging the effect of all masses in contact with

the wall
Oc d0
B [ n
708e ‘I:) PUL 9 6, 2puL 0. (26)

This was shown by Hanratty in the development of Equa-
tion (14). Thus from Equation (28)

u* = Vrglp
uyt = up/u®
4v(uLt)?

 (u®)?
Equation (27) represents the frequency at the turbulent

core boundary. Substitution of u.* = 14.1 results in the
relationship

8, = (27)

ny s
'u—'z— = 3.94 X 10 (28)
This frequency can then be compared with values of the
frequency fluctuations for the laminar sublayer. The Shaw

and Hanratty data for the sublayer show the dimensionless
frequencies:

Reynolds

Number nv/ut?
10,400 33 x 104
27,700 23 X 10—¢
60,100 1.28 x 104

Thus the frequencies in the laminar sublayer are 3.3 to
8.49 of the frequency at the turbulent core boundary for
a l-in. pipe. The frequency in the laminar sublayer may
then be a function of the pipe diameter because of a
distance-damping effect on the core boundary frequency,
but this effect is not shown by the heat transfer data for
the smaller pipe diameters.

ANALYSIS FOR DEVELOPING FLOW

Ruckenstein (25, 26) has used a developing flow model
for the laminar sublayer to obtain a mass transfer equation
corresponding to the eddy diffusivity model with n = 3.
This analysis results in an equation of the form

k* = b (Ng) =28

with the constant b obtained from mass transfer data. It is
apparent that this is the same as Equation (7) and that
b = 0.0816 from the Harriott and Hamilton data. The
value of b can also be obtained from the laminar layer
thickness and the frequency at the turbulent core bound-
ary .
Xl‘he thickness of the laminar sublayer is very small in
comparison to the pipe diameter so the condition is essen-
tially that for a developing boundary layer on a flat plate.
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This is represented by Equation (27):
3 /2
k=0664 D (%) ( o ) (29)

v Xo

The velocity at the surface of the laminar boundary layer is
Uy = u+BL u* (30)

where u* gy, is the dimensionless velocity at this surface.
If the time-averaged velocity profile from Figure 1 is used,
an average velocity u*, can be estimated for the bound-
ary layer. The length for developing flow is the distance
traveled by the fluid in the boundary layer between fluc-
tuations from the turbulent exchange of mass and momen-
tum with the wall.

xo=ut, u® 4. (31)
Equation (27) provides an estimate of 6, so combining
Equations (27) and (31)
4uty (upt)?
g = __.L(_f__)_" (32)
Tu
and then combining Equations (29), (30), and (32)
mutpL
4 uty (urt)?
Popovich and Hummel report a most probable value of
y* = 4.3 for the laminar sublayer thickness. This repre-

sents values of u*py, = 4 and uty = 2.1. If u,* is as-
sumed to be 14.1, Equation (33) reduces to

k+ = 0.057 (Ng,) %3

This is of the same order of magnitude as Equation (7),
which represents experimental mass transfer data.

1/2
k= 064 1" @sa-2s a3)

SUMMARY

Consideration of models for the laminar sublayer of
turbulent pipe flow indicates that eddy diffusivity and
parallel conductance models may be consistent with ex-
perimental heat and mass transfer data. The conductance
model shows excellent agreement with mass transfer data
at the specific conditions observed by Popovich and Hum-
mel for the sublayer and for the fluctuation frequencies
obtained by Shaw and Hanratty for the sublayer. An
eddy diffusivity model is derived for developing flow in
the sublayer with fluctuations from turbulent exchange of
mass and momentum with the wall that gives order of
magnitude agreement with experimental mass transfer
data.

NOTATION

molecular diffusion coefficient, sq.ft./hr.

g. = conversion constant, (ft.)(Ib.m)/(lb.s) (hr.?)

k = mass transfer coefficient, ft./hr.

ke = experimental mass transfer coefficient, ft./hr.

ki = mass transfer coefficient for laminar flow, ft./hr,

k* = dimensionless mass transfer coefficient, kr/u*

l = one-half width of mixing region in laminar sub-
layer, ft.

Npr = Prandtl number

Nre = Reynolds number

Nsc = Schmidt number, »/D

n = frequency, hr.~!

S = mean frequency of mixing in laminar sublayer,
hr.—1

u = velocity in axial direction, ft./hr.

ut*, = average dimensionless velocity in sublayer
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ur, = velocity in axial direction of fluid mass hefore
contact with the wall, ft./hr.

velocity at surface of sublayer, ft./hr.

u/u®

u® \/Togc/ P

e
"
i

oo

Xo length for developing flow in sublayer, ft.

y = perpendicular distance from the wall, ft.

yt = y\/rog/plv

Yo = pipe radius, ft.

B = turbulence parameter

8 = thickness of laminar sublayer in fully developed
laminar flow, ft.

€ = eddy diffusivity, sq.ft./hr.

0 == time, hr.

0. = total time for which a fluid mass has been in con-
tact with the wall, hr.

® = fluid viscosity, lb../ (ft.) (hr.)

v = kinematic viscosity, u/p, sq.ft./hr.

4 = y/Yo

I3 = fluid density, Ib.n/cu.ft.

o = shear stress at wall, lb.y/ft,

Subscripts

BL = sublayer

H = heat

m = momentum
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